A previous method for handling bound states in QCD is briefly revisited. Taking advantage of the Feynman-Schwinger representation for the iterated quark propagator in an external field, it is possible to give closed representations for certain appropriate (second order) two point and four point Green functions, H (2) (x − y) and H (4) (x 1 , x 2 , y 1 , y 2 ), as path integrals on quark world lines. Then, starting from reasonable assumptions on the Wilson line correlators, a Bethe-Salpeter equation for H (4) and a Dyson-Schwinger equation for H (2) can be obtained, which are consistent with the Goldstone theorem in the chiral limit. Such equations are too complicate to be solved directly. However, a reduced Salpeter equation can be derived which is tractable and has been applied to a calculation of the meson spectrum. The results are in general good agreement with the data, but with the important exceptions of the light pseudo scalars (that are related to the breaking of the chiral symmetry). In this scenario two important improvements can be introduced: a) the fixed coupling constant can be replaced by a running coupling constant αs(Q 2 ) appropriately modified in the infrared region; b) the fixed mass in the reduced equation can be replaced for light quarks by an effective mass depending on the momentum of the particle, as suggested by the form of the DS equation. Then even the light pseudo scalar mesons can be made to agree with to their experimental value.
Introduction
In previous papers we have introduced what we have called a second order Bethe-Salpeter formalism, which works in terms of certain appropriate four point and two point Green functions, H (4) (x 1 , x 2 , y 1 , y 2 ) and H (2) (x − y) 1 . Taking advantage of a Feynman-Schwinger representation for the "second order" quark propagator in an external field, it is possible to write H (2) and H (4) as path integrals on quark or antiquark world lines joining y to x, y 1,2 to x 1,2 . In such representations the gauge field appears only trough Wilson line correlators like 1 √ 3 Tr color exp[i x2 dz ν A ν (z)] which reduce to ordinary Wilson loops W in the limit x → y or x 1 → x 2 and y 1 → y 2 . In analogy with a usual assumption on W such correlators are written as the sum of their perturbative expressions and appropriate area terms and it is possible to obtain a confining Bethe-Salpeter equation for the quantity H (4) and a corresponding Dyson-Schwinger equation for H (2) . The above equations are too complicate to be solved directly. However, by a conventional three dimensional reduction, one can derive a tractable squared mass operator that can be applied to an evaluation of the spectrum 2 . With an appropriate choice of the parameters (quark masses, coupling constant, string tension) the results can be made in good agreement with the data in the entire framework of the light-light, light-heavy and heavy-heavy quark-antiquark sectors, with the important exception, however, of the light pseudo scalar mesons 3 . In this paper we want to discuss two important improvements to the above scenario: a) the fixed coupling constant α s is replaced by a running coupling constant α s (Q 2 ), which amounts to take into account higher order contributions in α s (and in particular closed quark loops); b) an effective mass for the light quarks is introduced which depends on the momentum of the particle, as suggested by the form of the DS equation.
As well known, the usual perturbative expressions for α s (Q 2 ) have an unphysical singularity for Q 2 = Λ 2 QCD , which would be disastrous for our purpose. However, various modification have been proposed for the infrared region 4, 5 . We have considered in particular the Shirkov-Solovtsov prescription, which rests only on general analyticity requirements. We find that with such prescription, and parametrazing the effective squared light quark masses by a simple polynomial, even the light pseudo scalar mesons can be made in agreement with their experimental values. It should be stressed that in the fit only the quark masses are treated as free parameters, while the constant Λ and σ occurring in the BS kernel are a priori fixed on the basis of high energy phenomenology and lattice simulations. Results in this line were already published in ref. [ 6 ] ; here we present a more systematic study.
The remaining part of the paper is organized as the following plan: in sections 2 and 3 we briefly revue the second order Bethe-Salpeter formalism, in section 4 we discuss the running coupling constant and effective mass, in sections 5 and 6 we reports the results and make some conclusions.
Second order correlators
After integrating out the fermionic fields, the appropriate ordinary (first order) four point function for the quark-antiquark bound state problem can be written
Here a and b are color indexes, the subscripts 1 and 2 refer to the quark and the antiquark respectively, projection on the color singlet has been performed, S(x, y; A) denotes the quark propagator in an external field,
and
with
The second order four point function is defined by
where ∆ σ 1 (x, y; A) is the second order propagator that satisfies the second order differential equation
and is related to S(x, y; A) by
The quantity H (4) is related to G (4) by an integro-differential operator, of the type [(iγ
. .] , which we do not need to specify in detail. The important fact is that the two functions are completely equivalent for the determination of the bound states since their Fourier transformsĤ (4) andĜ (4) have related analyticity properties and the same poles.
The advantage in considering second order quantities is that it is possible to write for ∆ σ (x, y; A) a generalized Feynman-Schwinger representation, i. e. to solve eq. (5) in terms of a quark path integral
where the world-line z µ = z µ (τ ) connecting y to x is written in the fourdimensional language in terms of an additional parameter τ ,
being defined through an arbitrary deformation, z → z + δz, of the worldline). Replacing eq. (7) in eq. (4) a similar representation can be obtained for the 4-point function
The interesting aspect of the above equation is that the gauge field appears in it only through the expectation value of the product of the two Wilson lines. Similarly the second order two point function (uncolored full quark prop-
Tr color S(x, y : A) can be written
Notice that, for large separations, we can also write in operatorial form
The above forms are important for a definition of the relativistic wave function.
Bethe-Salpeter and Dyson-Schwinger equations
In the limit x 2 → x 1 , y 2 → y 1 or y → x the two Wilson lines occurring in (8) or the single line occurring in (9) close in a single Wilson loop Γ
As in the previous papers we assume that in a first approximation i ln W can be written as the sum of its perturbative expression and an area term i ln W = (i ln W ) pert + σS . Then, at the lowest order in the coupling constant, we can assume
Notice that the surface term in (11) is written as the algebraic sum of successive equal time straight strips (z T denotes the transversal component of z). For a flat loop or for other special geometries (e. g. for two quarks uniformly rotating around their fixed center of mass) this coincides obviously with the plane or the minimum surface delimited by Γ. That is not generally the case, indeed the right hand side of (11) usually depends on the reference frame. Since, however, in contrast e. g. with S min , such quantity maintains many of the analytic properties of the original i ln W , we shall assume (11) to be valid for an arbitrary loop in the center of mass reference frame. Actually we shall assume this even for x 2 = x 1 , y 2 = y 1 or y = x, in analogy with what happens in the pure perturbative case. In this way single perturbative and confinement contributions are put on the same foot and we may refer to them as a gluon exchange and a string connection between the two quarks.
Replacing (11) in (8) and (9) we obtain the following equations
where we have set
From eqs. (12) and (13), by various manipulation and using an appropriate iterative procedure, a Bethe-Salpeter equation for the function H (4) (x 1 , x 2 ; y 1 , y 2 ) and a Dyson-Schwinger equation for H (2) (x − y) can be derived in a kind of generalized ladder and rainbow approximation respectively in the form
where a, b = 0, µν, we have set σ 0 = 1, and H denote the second order full quark and the antiquark propagators respectively.
In momentum representation, the corresponding homogeneous BSequation can be written
the center of mass frame has to be understood, P = (m B , 0) and Φ P (k) denotes the appropriate second order wave function
Similarly, in terms of the irreducible self-energy, defined bŷ
the DS-equation can be written alsô
The kernels in (18) and (19) are the same in the two equations, consistently with the requirement of chiral symmetry limit 7 , and are given bŷ
where in the second and in the third equation ζ 0 = 0 has to be understood. To find thespectrum, in principle one should solve first (19) and use the resulting propagator in (18). In practice this turns out to be a difficult task and one has to resort to the three dimensional equation which can be obtained from (18) by the so called instantaneous approximation. This consists in replacingĤ (2) j (k) in (18) with the free quark propagator i k 2 −m 2 j and the kernelsÎ ab with its so called instantaneous approximation
The reduced equation takes the form of the eigenvalue equation for a squared mass operator
(for an explicit expression see ref. [ 6, 3 ] ). The quadratic form of the above equation obviously derives from the second order formalism we have used.
Alternatively, in more usual terms, one can look for the eigenvalue of the mass operator or center of mass Hamiltonian
Neglecting the term V 2 , the linear potential V can be obtained from U simply by the kinematic replacement
. Such expression is particularly useful for a comparison with models based on potential. In particular in the static limit V reduces to the Cornell potential
in the semirelativistic limit (up to 1 m 2 terms after an appropriate FoldyWouthuysen transformation) equals the potential discussed in ref. [ 8 ] . If the spin dependent terms are neglected but full relativistic kinematics is kept, it becomes identical to the potential of the (relativistic) flux tube model 1 .
Running coupling constant and effective mass
In ref.
[ 3 ] the spectrum was evaluated for both the operators M 2 and H CM introduced in the preceding section, omitting the spin-orbit terms in the potential but including the hyperfine ones. As we told, with fixed coupling constant and quark masses, a general good fit of the data was obtained over the entire calculable spectrum with, however, the relevant exception of the light pseudoscalar mesons. At the light of the idea that such mesons should be Goldston massless particles in the chiral limit, this is not surprising 7 . The results obtained in ref.
[ 6 ] suggest, however, that the situation can be greatly improved using a running coupling constant and an effective light quark mass function of the momentum, as implied in (19) for a kernel of the type (20).
At one loop the running coupling constant in QCD is usually written as
Q being the relevant energy scale, β 0 = 11 − 2 3 N f , and N f the number of flavors with masses smaller than Q. Such expression becomes singular and completely inadequate as Q 2 approaches Λ 2 . The most naive modification of eq. (23) consists in saturating α s (Q 2 ) to a certain maximum valueᾱ s as Q 2 decrease ( fig. 1 ) and in treating this value as a phenomenological parameter (truncation prescription).
Alternatively Shirkov and Solovtsov 5 replace (23) with
This remains regular for Q 2 = Λ 2 and has a finite Λ independent limit, α s (0) = 4π/β 0 , for Q 2 → 0. Eq. (24) is obtained assuming a dispersion relation with a cut from −∞ < Q 2 < 0 and applying (23) to the evaluation of the spectral function alone.
In the quark-antiquark bound state problem the variable Q 2 can be identified with the squared momentum transfer can be important. The specific infrared behavior is therefore expected to affect the spectrum and other properties of mesons. Coming to the quark masses, notice that, even neglecting the spin dependent part inĤ (2) (k) (consistently with what we do for k|U |k ′ ), we could more sensibly writeĤ (2) 
in the reduction procedure, rather than simply identify such quantity with its free expression (Γ 0 (k) = 0). However, since the I a (Q, p, p ′ ) are not formally covariant, but given in terms of C.M. variables, Γ 0 (k) must depend separately on k 2 0 and k 2 . Then the pole of H 2 (k), defined by
could be written
where m 2 eff (|k|) would be a |k| dependent expression that is expected to approach the current m 2 for |k| → 0 and to increase toward a kind of constituent m ′2 as |k| increases a . Then, eventually, we obtain the same operator M 2 as given above, but with m 1 and m 2 replaced by expressions like m 2 eff (|k|). As matter of fact we have not tried in this paper to evaluate Γ(p) from first principles by solving eq. (19) but have simply parametrized m 2 eff (|k|) as a polynomial in |k| for the light quarks and used a fixed mass as in the preceding papers for strange and heavy quarks.
Numerical procedure and results
In the calculation of the eigenvalues of the operator M 2 introduced in sect. 4 we have used the same approximations and the same numerical procedure as in the previous papers. We have retained only the hyperfine part of the complicate spin dependent terms (spin orbit and tensorial ones) occurring in the potential U . We have solved the eigenvalue equation for H CM with V equal its static limit (22) by the Rayleigh-Ritz method, using the three dimensional Harmonic oscillator basis and diagonalizing a 30 × 30 matrix. Then we have evaluated φ n |M 2 |φ n for the eigenfunction φ n obtained in the first step.
In figs. 2 and 3 we have represented graphically the results already obtained in ref.
[ 3 ] with a truncated running coupling constant (crosses) and the new ones performed with the Shirkov-Solovtsov prescription (circlets), contrasted with the data (small lines) [ 9 ] . In tables I-VII we give the corresponding numerical values.
a Take into account that from the virial theorem for a linear potential in the extreme relativistic approximation we have |k| = σ r and a large |k| corresponds to a peripheral interaction or, what is the same, to a small |Q|. 
X (2000) a 0 (1450)
ρ (1700) ρ 3 (2250) In both cases we have taken N f = 4 and Λ = 200 MeV. With the truncation prescription, the light quark masses were fixed on typical current values, m u = m d = 10 MeV, m s = 200 MeV, the maximum value for α s (Q 2 ), the string tension and the heavy quark masses were treated as 
(k being the quark momentum in the meson C. M. frame), for the strange and the heavy quarks m s = 0.381 GeV, m c = 1.545 GeV and m b = 4.898 GeV.
As it is apparent the use of a running coupling constant with infrared truncation does not improve essentially the situation in comparison with Table I .
States 
Conclusions
In conclusion, starting from a reasonable ansatz on the Wilson loop it is possible to develop a second order Bethe-Salpeter approach to thebound state problem. From this, by a standard reduction technique, an eigenvalue equation for a mass squared operator M 2 = (w 1 + w 2 ) 2 + U is obtained, that can be effectively applied to the calculation of the spectrum. If only the one gluon exchange contribution is included in the perturbative part of the Bethe-Salpeter kernel, but a truncated running constant α s (Q 2 ) is used, a reasonable good reproduction of the data is already obtained (as far as calculable) with the relevant exception of the light pseudo scalar mesons. However if the Shirkov-Solovtsov prescription for α s (Q 2 )
